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MOJEJIOBAHHS KOHBEKTUBHOI TEILJIONMPOBIJIHOCTI JIBOILIAPOBOI'O
CEPEJOBHUIIIA ITPU HEOJHOPIJHUX TPAHUYHUX YMOBAX

Y pobomi poszensioaiombcsi ocobnrusocmi 3acmocy8ants Memooy CKiHUeHUX iHmespantbHux ne-
Pemeopers 6 3a0aui KOHBEKMUBHOI MenIonpoGiOHOCHE 080ULAPOBO20 Cepedosuyad 05 6UNAOKY, KOaU
HA 308HIUIHIX MeXCax 3a0aHO HEeOOHOPIOHI 2PaHUYHI YMOSU Nepuioz0 poody O08IIbHO20 GUJY.
Tlokazyemvcst HeobxioHicmb noodanns wiykanoi memnepamypHoi ynxyii y 6uensndi cymu 080X
000aHKi8: HecmayioHapHoz2o i keazicmayionaproeo. Haeooumscs areopumm supiwienus 3a0a4i wo0o
K8a3icmayioHapHoi CKIa0o08ol, KiHyesull Gueisd sAKOI 3anucanutll siK JiHIUHA KOMOIHAyis AiHIHOL |
excnonenyianvhoi Gyuxyit. Pobumbces GuCHOB0K, w0 8paxysanmsi KeazicmayionapHoco 000aHKa
00380/1€ noainuumu 30ICHICMb QYHKYIOHATLHO20 PAOY, AKUU € DOPMATbHUM DIUUEHHAM 8UXIOHOL
3a0ayi npu HeOOHOPIOHUX SPAHUHHUX YMOBAX.

Knwwuogi cnosa: mennonpogionicms, KoneeKyis, 080ulapose cepedoguiie, iHmezpaibhe nepe-
MEOpenHs, Keazicmayionapua 3a0aud.

In this paper, two-layered medium is considered with inhomogeneous boundary conditions of
the first kind on external boundaries. The purpose of this work is to show the details of the application
of the method of finite integral transformations in the problem of convective heat conduction. It is
shown that it is necessary to represent the target temperature function as a sum of two functions: non-
stationary and quasi-stationary. An algorithm for solving the problem with respect to a quasi-
stationary component is given, the final form of which is written as a linear combination of a linear
and exponential functions. It is concluded that taking into account the quasi-stationary term helps to
improve the convergence of the functional series, representing a formal solution of the initial problem
for inhomogeneous boundary conditions.

Keywords: heat conduction, convection, two-layered medium, integral transformation, quasis-
tationary problem.

IMocTanoBKa npo6aeMu

B imxeHepHIl MPakTUIll BETUKE 3HAUYCHHS Ma€ 3HAHHS TeMITepaTypPHUX ITOJIB, 0 BUHUKAIOTh
B PI3HOMAHITHHUX €JIEMEHTaX KOHCTPYKIIH. Sk mpaBuiio, MaTeMaTHyHa MOJIENb 3a7ad PO PO3IOBCIO-
JOKCHHS TEeIUIa CKIIAIA€ThCs 3 PIBHSAHDb B YACTUHHUX IMOXIJHUX, TPAHUYHHUX Ta NOYaTKOBUX YMOB. Haii-
YacTilme s Po3B’S3aHHSA TAKWX 3a7ad BHUKOPHUCTOBYIOTHCS HAOMMKCHI YHCENTBbHI METOAH. 3aBISKH
PO3BUTKY OOUHCIFOBAILHOI TEXHIKH, YUCEILHI METOIU IOCUTh TIOMYJISPHI, aJie MaloTh PsiJ] HEJOMIKIB.

Jlo HUX BiTHOCATHCS MPOOJIEMHM HAKONMYEHHS MOMIJIOK, TOXUOKH CaMUX METOMIB i, SIK pe-
3yJbTaT, HEMOXJIMBICTE OTPUMAHHS JOCTOBIPHUX PE3yJbTATIiB, OCOOIMBO MOOJIN3Y OCOOJMBUX TOUOK
CEPEIOBHIII, IO PO3TIIAIAIOTECS. Bee 11e PU3BOaUTE 10 HEOOXITHOCTI POBEACHHS aHATITHIHAX JOC-
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mimpkeHb. Po3B’s13kK, OTprMaHi aHATITHYHUME METOJIAMH, JIO3BOJISIFOTh TIPOBECTH JIOCIIHKCHHS TI0BE-
JIHKH TeMIepaTypHOi QYHKIIT B PI3HUX TOYKaX 00’ €KTIB, 110 PO3IJISAAOTHCS, IIPU BEJIUKUX PO3KUIAX
TEOMETPUYHHUX 1 TEIUTO(I3MIHAX XapaKTEPUCTHK. 3BAKAIOYH Ha II¢ BUBUCHHS OCOOJIMBOCTEH BUKOPH-
CTaHHs aHATITHYHUX METOJIIB € BAXJIMBOIO 1 aKTYaJIbHOIO 33/1a4CH0 MIPH MPOBEICHHI HAYKOBHUX JIOCITi-
JOKCHB.
AHAaJIi3 OCTAHHIX JKepes ToCTiTKeHb i myOaikamii

OmauM 3 HaWOUTBIT BiTOMIX METOIIB PO3B’SI3KY 3a7ad TETUIONPOBITHOCTI € METO CKIHUCHUX
IHTETpaIbHUX TiepeTBOpeHs [1]. OaHak, HOro BUKOPUCTAHHS B 3aJadyax JJis 0araToIIapoBUX CEpeo-
BHIl [2] MOB’sA3aHO 3 IEBHUMH TpyaHOIamMu. OmHa 3 mpobIieM MojsIrae B mo0y10Bi TOBHOI CHCTEMHU
OpTOTOHATHHUX (PYHKITIH, SIKi BAKOPUCTOBYIOTHCS Y SIKOCTI SIIEP IHTETPAIbHUX TIepeTBopeHs [3]. [Hma
npo0JieMa BUHHUKAE B 3ajladyaX 3 HEOJHOPITHUMH TPAaHUYHMMU yMOBaMHU. B I[boMy BUNAJKY Ticis
MPOBEJICHHS IHTETPAILHOTO TIEPETBOPEHHS  (hOpMalbHUN PO3B’SI30K 3aIMUCYETHCS Y BUTISA (DYHKITI-
OHAIBHUX PSMIB 3 HEPIBHOMIPHOIO 301KHICTIO. Lle MPpU3BOAUTE M0 TPYAHOIIIB MIPU YUCETLHIA peati-
3awii po3B’s3KY, i, B MCYMKY, 1O OTPUMaHHS HEOCTOBIPHUX Pe3yNIbTaTiB MOOIU3y rpaHunb. Jocmi-
JOKCHHS, TIOB’SI3aHi 3 MOJIMIIEHHSIM 301KHOCTI PSIB, 10 BXOJAATH J0 PO3B’S3KY, BUKIAACHI B NaHId
poOoTiI.

[ocTaHoBKa 3axayi

O0’exTOM IOCTiKEHHS € aBomapoBe cepenosuie (puc.l). Ilepmmii map 3aiimae obnactb
(—/£,;0), apyruii — (0;/,). KoedimieHT  TemmepaTyponpoBiIHOCTI @, TEIUIONPOBIAHOCTI A 1
IIBUJIKICTh PyXy CEPENOBUINA W JOPIBHIOOTH @, A,, W Ha epmomy mapi i a,, A,, w, Ha Ipyromy
wapi BiAnosigHo. I'panuyuni yMOBU IpH x = —/, ONUCYIOThCA (QYHKUi€KO B 4acy f,(¢), opu x =/,
Gbynkuiero  f,(¢z). Ha cnimeHidi rpaHumi 3aJaHi yMOBHM 1J€aJbHOrO TEIUIOBOTO KOHTakTy. B
MOYaTKOBUII MOMEHT dacy TemIeparypa posnojineHa no 3akoHy 7;(x). IlorpiOHO BH3HAYHMTH

temreparypHy ¢yskuito 7'(x,?) , M0 3aJeXKHUTh BiJl IPOCTOPOBOT 3MIHHOI Ta Yacy.

ay. A m ay, /p W,

\J

R
Puc. 1. IomapoBa obnactb

MareMaTtnyHa MOJIENb 3a7adi CKIAMAEThCS 3 PIBHIHHS B YACTHHHHUX TTOXITHAX
T,(x,t) =a- Tm(x,t)+ wa(x,t),
TpaHUYHUX YMOB
T(_ ll’t): Si(@),
T(lz’t): 15(0),
T(-0,¢)=T(+0,z),
AT (=0,6)= ,T,(+0,0),
a TaKOX IOYaTKOBOI YMOBU
T(x,0)=T,(x).

(1

2)

(€)
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OcCHOBHA YaCTHHA JOCTiT:KeHb
3 oMy Ha Te, 10 Ha 30BHINTHIX TPAHUILIX 3aaHi HEOAHOPIIHI TPaHWIHI YMOBH, HEOOX1THO
3poOuTH 3aMiHy [4]

T(x,t):S(x)+N(x,t). 4)
B pesynbrarti 3amada (1)—(3) po30uBaeTbcs Ha OBi Mif3anadvi: KBa3iCTalliOHAPHYIO BiIHOCHO
obyukuii S(x), i HecTamioHapHy BimHOCHO QyHKIIT N (x,t). B naniii po6OTi TooBHUH iHTEpEC Mpea-
cTaBJisie 3a7a4a BiiHOCHO GyHKiii S(x) . BoHa ckianaeThest 3 AudepeHIiiaTbHOTO PiBHSIHHS
a-8"(x)+wS'(x)=0 (5)
1 TPAaHUYHUX YMOB

S(_ll):fl(t)a
(

$(0.)= 1,0, o
S(-0)=5(+0),
A4S8'(-0)= 4,5'(+0)
Po3B’s130k piBHsIHHS (5) Ma€e BUI
_w
Sy =4, +Bje “ ,npu x [~;0],
(7
W
Sy =4y +Bye “ ,mpu x €[0;1,].
BuxopucroBytoun rpaHndHi ymMoBH (6), IPUXOAMMO IO CHCTEMH JIIHIMHHMX anreOpaiaHux
PIBHSHB BITHOCHO NOCTIMHUX A, B, 4,, B,
iy
A +Be" = f(1),
vy
A, +Bye = = £,(1), (8)
A+ B =4,+B,,
4w, B, = AW, B,.
a a,
3 cucremu (8) BU3HAYAEMO
Yy my
4 = ad,w,(f () =f,(De” )—aAwmf (- “ ) )
1 w, w. k4
=L -2
adyw,(1-e” ) —a,Aw(l-e = )
Bl — alﬂ'QV::Z(fZ(t) _fl(t)) . ’ (10)
L1 21
adw,(1—e” )—a,w(l-e “ )
vy Yy
_aAw(fi(De ® —f (D)) +aiw ()1 —e" )
4, = m " ; (1D
7111 ,7212
alw,(1-e” )—a,Aw(l—e “ )
B2 — azﬁ'lwl(fz(t) _fl(t)) . ‘ (12)
2]

ﬁ[l —h
aw,(1-e” )—a,Aw(l—e “ )
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Takum uuHOM, OGyHKINS S(X), sSKa ONHMCye KBasicTallioHapHY CKJIaJ0BY pO3B’s3KY,
BH3HAYa€ThCs Bupazami (7), (9) — (12).
IMepeiinemo 10 3aaa4i BigHOCHO QyHKIT N (x, t). BoHa ckianaeTbes 3 piBHSIHHS B YaCTUHHUX

IMOX1THUX
N,(x,t)=a-N_(x,t)+wN (x,2), (13)
TpaHUYHUX YMOB
N(=1,t)=0,
N(l,,t)=0, (14
N(=0,t)= N(+0,2),
AN (=0,t)= A,N (+0,¢),
a TaKOXX IMOYaTKOBOI YMOBU
N(x,0)=T,(x) - S(x). (15)

Bigmitumo, mo ¢yakmis N (x,t) MMOBMHHA 3aJOBOJIHATA Ha 30BHINIHIX TPaHHIIX
OIHOPIIHUM TIpaHMYHUM yMoBaM. lle o3Hauae, mo g po3B’szanHa 3agadi (13) — (15) moxHa
e(eKTHBHO BUKOPHCTOBYBAaTH METOJ CKIHUCHHX 1HTErpajibHUX MepeTBOpeHb. Lleit MeTon rpyHTyeThCs
Ha 100Y/I0Bi CHCTEMH BIACHUX (QYHKIIIH, OPTOrOHAIBHHX 3 Barow p(x)

2 0, n*m,
fp@MMﬂ@Aﬂw=ﬁ¢z (16)

% , n=m,

n

2 .
— KBajJipaT HOPMU BIacHUX (QyHKIIH [1].

e |,
[Iponiec 3HaxomkeHHs BiacHUX (YHKUIA onucaHuii B poborax [5,6]. L dyskmii
BHKOPHCTOBYIOTBCS 11 TipoBemeHHsS Ham 3amadero  (13)—(15) ckiHUeHOTO IHTErpajibHOTO

MIEPETBOPEHHS 3a (POPMYJIIO0

Ly
N, = [ p(x)g,(x)N(x,1)dx. (17)
-,
B pesymnbTaTi 3a71a4a 3BOAUTHCS 10 3BUYATHOTO MU(EPEHITIaTFHOTO PIBHIHHS
N, (t)+ BN, ()=0 (18)
3 IMOYaTKOBOKO YMOBOIO
)
N,(0)= [(T,(x) = S(x) p(x)gp, (x)dx . (19)

-1
2 .
3Ha4YCHHS ﬂn , IO BXOJATH B (17), Ha3WMBAarOTHCA BJIaCHUMH 3HAYCHHAMMU 1 BU3HAYAIOTHCA 3a-

3maNieriap MPU 3HAXODKCHHI BIIAaCHUX (QYHKIHA. Po3B’s3koM piBHAHHS (18) 3 MOYaTKOBOIO YMOBOIO
(19) € dynkuis

N ()= N, (0)e . (20)
BuxopucroBytoun dhopmyiy oOepHEHHS B
N(x1)= N (P,,(|X)]\Zn(f), 1)
n=1 ¢n

MOJKHA 3amucatu Bupa3 st GyHkii N (x,t) :

¥, 0

= N
MW#Z%MMQ
n=1 N

Toni xinueBuit po3si3ok 3axayi (1)—(3), 3 ypaxyBaHHsaM Bupasy (4), Oyae MaTH BUTIIST

(22)
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Y. @ x)N (0 -pat
T(x,t)zAx+Be “ +Z(p”( ) ”(2)e ) (23)
n=l1 | ¢n
e craai A u B Ha KOKHOMY 3 IIapiB BU3HAYAIOTHCS CHiBBigHOIICHHIMH (9)—(12).
Bucnosku

Crin 3a3HauuTH, WO 115 po3B’si3aHHs 3a1a4i (1)—(3) MoxkmBo 6e3mocepeIHBO 3aCTOCYBATH
iHTerpanbHe MEPETBOPEHHS 1 OTPUMATH PO3B’ 30K Y BUTIIsIAI QyHKIIOHATBHOTO psigy. OnHaK Yrcenb-
Ha peaizallis TaKoro pillleHHs Ma€ MeBHI CKIaIHOII, TOMY IO PsI, 10 BXOAHUTH Y PO3B’SA30K, € HEPi-
BHOMIpHO 301KHMM 1 Ha 30BHILIHIX IPaHULAX MEPETBOPIOETHCS Ha HY/b. [logaHHs HEBiZoOMOl Teme-
patypHoi QyHKIIT y BUMIISIII CYMH KBa3iCTalliOHAPHOTO Ta HECTAIllOHAPHOT'O JO0JAHKIB JO3BOJISE YHH-
KHYTH ITUX mpobieM. AHaii3 Bupasy (23) mokasye, 110 3aBIASKH HASBHOCTI €KCTIOHCHTH DPSIT MIBUIKO
30iraeTbcsa. A TIpHW JOCTATHHO BEJIMKHX 3HAUCHHSIX YacOBOI 3MIHHOI [, cyma psiay IparHe 0 HyJIs.
IIpu mromy TemmiepaTypHa GYyHKITIS Oyie omrcaHa KBa3iCTaI[lOHApHOIO CKIIaI0BOIO.
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